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ABSTRACT: We define a ghost D-brane in superstring theories as an object that cancels the
effects of an ordinary D-brane. The supergroups U(N|M) and OSp(N|M) arise as gauge
symmetries in the supersymmetric world-volume theory of D-branes and ghost D-branes. A
system with a pair of D-brane and ghost D-brane located at the same location is physically
equivalent to the closed string vacuum. When they are separated, the system becomes a
new brane configuration. We generalize the type I/heterotic duality by including n ghost
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we also find type II-like closed superstrings with U(n|n) gauge symmetry.
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1. Introduction and summary

D-branes [fl] have been the basis of most developments in string theory for the last ten
years. The AdS/CFT correspondence [P, for example, was discovered by considering the
near-horizon limit of D3-branes in type IIB string theory. Many of exact calculations in
topological string theory have also been made possible by the inclusion of D-branes [[]. The
identification of fermions with DO-branes revivided the investigation of two dimensional
string theories [ f].

In this paper, we introduce the notion of ghost D-branes in superstring theories. We
define a ghost D-brane as an object that cancels the effects of an ordinary D-brane. We
call them ghost D-branes because the gauge fields and transverse scalars on them have
the wrong signs in their kinetic terms. The open strings between a D-brane and a ghost
D-brane have the opposite statistics relative to the usual ones. Ghost D-branes replace
ordinary Chan-Paton matrices with supermatrices. The Lie supergroups U(N|M) and
OSp(N|M) arise as gauge groups in this way. In particular, this leads to a new type I
string theory with gauge group OSp(32 + 2n|2n) and type IIB string with gauge group
U(n|n) with any positive integer n. A similar idea can clearly be applied to define ghost
M2 and Mb5-branes in M-theory.

We stress that ghost D-branes are different from anti D-branes. The boundary state of
a ghost D-brane is minus the whole boundary state of an ordinary D-brane, whereas an anti
D-brane has a minus sign just in the RR sector. Thus ghost D-branes have negative tension
and anti-gravitate. A ghost D-brane completely cancels the effects of a D-brane when they
are on top of each other with a trivial gauge field background. When M ghost D-branes
are coincident with N (> M) D-branes, the system is equivalent to the one with N — M
D-branes with no ghost branes as we show explicitly. More subtle are the situations where
we separate ghost D-branes from D-branes or turn on non-trivial gauge backgrounds like
Wilson lines. The supergravity solution for isolated ghost D-branes appears to be singular
near the branes essentially because they are anti-gravitating sources. A system with ghost
branes have two kinds of ghost-like fields: some of them have the wrong spin-statistics
relations while the others have the wrong signs in their kinetic terms. The theory will



not be unitary when ghost branes are not canceled by ordinary branes. Once the fields
on ghost branes are excited, there may be instabilities because of the wrong signs in the
kinetic terms. We expect that despite these pathologies the concept of ghost branes and
their cancellation against ordinary branes will be useful tools.

Ghost D-branes preserve the same supercharges as ordinary D-branes, and it is natural
to consider its strong coupling dual. Indeed we will show that the type I OSp(32 + 2n|2n)
string theory is dual to a heterotic OSp(32 + 2n|2n) string theory (see [[f] for an earlier
discussion on this heterotic string) by generalizing the type I/heterotic duality [§]. We will
also discuss a supergroup extension of the Fg x Fg heterotic string. This heterotic string has
infinitely many massless gauge fields. We expect that it is uplifted to the Horava-Witten [d]
like setup in M-theory. It is also interesting to consider the type IIB S-duality applied to n
pairs of D9- and ghost D9-branes. As its strong coupling limit, we find a novel superstrings
that have the U(n|n) gauge fields in the closed string sector. This superstring theory looks
like a heterotic modification of the ordinary type IIB string, which is equivalent to the type
1IB string with n NS9-branes and n ghost NS9-branes.

Another context where various Lie groups appear is the study of string junctions
suspended between (p, ¢) 7-branes (refer to e.g.[[(J] and references therein). It is natural to
add ghost 7-branes and ask which Lie supergroups can appear as symmetry groups. We
will realize SU(N|M) and OSp(2M|2N) symmetries in this way and obtain their Dynkin
diagrams in terms of string junctions.

There is a rather similar example in two dimensional string theory.! The ¢ = 1
matrix model dual provides its non-perturbative definition. This model is equivalent to
the quantum mechanics of infinitely many free fermions in an inverse harmonic potential.

The ordinary vacuum of two dimensional string theory corresponds to the Fermi surface

5(p°

field in the closed string theory (e.g., see the review [[I]] and references therein).

— 22) = Ey. The fluctuations on this fermi surface correspond to the massless scalar

If we get rid of a band of fermions with the energy Fy < E < Ej assuming Fq < Ej,
then we have three Fermi surfaces at £ = Fy, E = E; and E = FE5. Thus this system
possesses three massless bosons ¢g, ¢1 and @9 as fluctuations (or collective fields) on these
Fermi surfaces (see figure [lf). Interestingly, the second one ¢; turns out to be a ghost,
i.e. it has the wrong sign in its kinetic term. This is because the higher energy region is
completely filled at the Fermi surface E = F; and excitations always have negative energy.
On the other hand, since the opposite is true at £ = Ey and F = E», the fields ¢y and @9
are ordinary massless scalar fields.

Despite its seeming instability near F = FEj, this system is stable because the fermions
in the ¢ = 1 matrix model are free. To be exact, we need to consider type O string
theory [B, fi] to obtain its non-perturbative completion. In the limit E; — Ey where
the band disappears, the scalar field ¢; and the ghost field @2 cancel out as expected.
In this way we find a physically sensible theory with ghosts. Then we can apply the
modern identification of the fermions with DO-branes in two dimensional string theory [,
6, [[Z] to find what background in two dimensional string this configuration corresponds to.

LA closely related remark was also made in [E}, where the boundary state for a hole state was considered.



Figure 1: In the ¢ = 1 matrix model, a ghost field can appear as a collective field when we remove
a band of fermions.

Removing fermions with energy Fy < E < FEj can be interpreted as condensing infinitely
many ghost DO-branes. Notice also that we cannot describe such a background in the two
dimensional effective dilaton-gravity theory.?

Also closely related to ghost D-branes are the anti D-branes in topological string the-
ory [4]. Indeed the amplitudes of the anti D-branes in topological string theory precisely
cancel the amplitudes of the D-branes. The cancellation between topological branes and
anti branes has been heavily used in the recent developments in topological string theory [J].
It seems that anti D-branes in topological string theory are more directly a counterpart of
ghost D-branes than anti D-branes in physical superstring theory.

The paper is organized as follows. In section two, we demonstrate that the Lie super-
algebras U(N|M) and OSp(N|M) arise in open string theory by including ghost D-branes.
In section three, we discuss this open string theory and show that the branes and ghost
branes cancel each other. We do this by demonstrating that theories with supergroup sym-
metries reduce to theories with ordinary bosonic symmetries. This part does not require
the knowledge of string theory and should be readable by anyone who knows quantum
field theory. Also we prove that the gauge anomaly is canceled in the type I theory. In
section 4 we study the strong coupling limit of the type I OSp(32 + 2n|2n) string theory
and argue that it is given by the heterotic OSp(32 + 2n|2n) string theory. We also discuss
a supergroup extension of the heterotic Fg x Eg string theory and mention its M-theory
origin. Section 5 is devoted to the construction of type IIB-like superstrings with U(N|N)
gauge symmetry, motivated by S-duality in type IIB string theory. In section 6 we ‘de-
rive’ Dynkin diagrams of Lie superalgebras from 7-branes configurations in type IIB string
theory. In section 7 we discuss other implications of our results and future directions.

2A similar situation appears in the flux background of the two dimensional type 0B string theory. A
description of this background was proposed in @] using a quantum field redefinition of the RR scalar
field.



2. Chan-Paton factors and Lie superalgebras

Usually, the gauge group which appears in the open string sector is U(XN) in type II string
theory, and SO(N) or Sp(N) in type I string theory. These are realized by assigning
Chan-Paton matrices to open strings. We will generalize these Chan-Paton matrices in
superstring theories into elements of Lie superalgebras. For reviews of Lie superalgebras
refer to [[(§—[I7] as well as appendix A of the present paper. Our results in this section,
section 3 and section 6 can also be applied to bosonic and type 0 strings. Though in
this paper we only consider BPS configurations of D-branes, it is straightforward to apply
similar arguments to non-BPS configurations such as brane-antibrane systems [[L§].

2.1 U(N|M) and type II string theory

We argue that this extension corresponds the inclusion of negative tension Dp-branes. We
call them ghost Dp-brane. In the boundary state formalism, an ordinary BPS D-brane is
represented by a boundary state |D) = |D)nsns + |D)rr. The ghost Dp-brane is defined
simply by the boundary state |¢gD) with an overall minus sign

l9D) = —|D). (2.1)

It is crucial to distinguish a ghost D-brane from an anti D-brane. The boundary state
for the latter is obtained by flipping the sign of the RR part only [[§]. A brane anti-
brane system is non-supersymmetric, while a brane ghost-brane system possesses sixteen
supersymmetries. This is because a ghost D-brane keeps the same half supersymmetries
as the BPS D-brane does.
Consider an cylinder amplitude between a Dp-brane and a ghost Dp-brane in type
IT string theory. This is obviously given by minus the ordinary amplitude between BPS
Dp-branes
(gDIAID) = ~(D|AID), (2.2)

where A is the closed string propagator. Interpreted in the open string channel, the
spectrum is given by replacing bosons in the ordinary spectrum on D-branes with fermions
and vice versa. Thus all fields between a Dp-brane and a ghost Dp-brane are ghost-like.
The gluons become fermions and the gauginos become bosons. Now consider N Dp-branes
and M ghost Dp-branes on top of each other. We can summarize this field content by a
hermitian supermatrix (see appendix A)

=3 &) .

where ¢1 and ¢9 are bosonic hermitian matrices, while v is a complex fermionic matrix.
The diagonal part ¢ (or ¢2) corresponds to the open strings between D-branes (or ghost
D-branes). The off-diagonal part 1) corresponds to the open strings between D-branes and
ghost D-branes and thus they have the opposite statistics. In other words, the world-
volume theory on N Dp-branes and M ghost Dp-branes is given in low energy by a p + 1
dimensional super Yang-Mills theory with gauge group U(N|M). In this way, a U(N|M)



valued Chan-Paton factor naturally appears. If we place N D9-branes and N ghost 9-
branes, the tadpoles are canceled and we obtain a consistent ten dimensional U(N|N)
super Yang-Mills theory coupled to type IIB supergravity.® Note that in this case the
NSNS tadpole is also zero and therefore we do not need to invoke the Fischler-Susskind
mechanism.

The appearance of the supergroup U(N|M) in a similar way was mentioned in [ in
the context of matrix model duals of two dimensional string theories. In the topological
string context, the gauge group of the brane-anti brane system was argued to be U(N|M)
in [[[4]. This is consistent with our discussion because in topological string theory we only
have the RR-sector part [R]] and thus the boundary state for an anti D-brane is precisely
minus that of a D-brane.

2.2 OSp(N|M) and type I string theory

To define type I string theory, we need an orientation projection. D1 or D9-branes give
an SO(N) Chan-Paton factor, while D5-branes* give Sp(N) (N is even) [BJ]. Since there
exists an orientifold 9-plane in the background, the brane configuration is described by the
sum

D) + 1), (2.4)

where |Q2) is the crosscap state. From the overlap of two of such states we get the cylinder
+ Mbobius strip + Klein bottle amplitudes. We extend this theory by including negative
tension Dp-branes as before. Notice that the |Q2) part remains the same because we do not
want to modify the theory itself. Then the ghost brane configuration is described by

—|D) + |€2). (2.5)

Consider the system of N D9 (or D1)-branes and M /2 ghost D9 (or D1)-branes,

assuming M is even.’

For open strings between two ghost D9 branes, then it is obvious
from (R.5) that we get an extra minus sign for the Mobius amplitudes. This means that
the Chan-Paton factor for the ghost D9 branes is in Sp(M). The open strings between D9
and ghost D9 become ghost-like as before. We thus find the OSp(N|M) gauge group in
type I string theory. On the other hand, N D5-branes and M ghost D5-branes give rise
to the gauge group OSp(M|N) with an opposite sign for the coupling constant g2-,,. The

detailed structure of OSp(N|M) will be discussed in the next subsection and in appendix
A.

3In the presence of N D9-branes and N anti D9-branes, the system is described by the U(N) x U(N)
gauge theory with bi-fundamental (complex) tachyon fields [@, @] Clearly there is no U(N|N) symmetry.
Instead, the mathematical structure of the gauge theory is described by the Quillen’s superconnection,
where odd elements correspond to tachyon fields (and not the gauge field) as shown in [@]

4Our convention for symplectic groups is such that Sp(2) = SU(2). Sometimes Sp(N) is denoted by
USp(N).

5The reason why we have to mod the number of ghost 9-branes by the factor 2 is that the Sp projection
will be imposed on them as we will see shortly and therefore they only make sense when M is an even
integer.



For 9-branes, we need to impose the condition N — M = 32 so that the tadpoles are
canceled. As we will see later, indeed the gauge anomaly is canceled in super Yang-Mills
theory with gauge group OSp(32 + 2n|2n) by the Green-Schwarz mechanism [RJ].6

2.3 () action and Lie superalgebras

So far we have been discussing ghost D-branes from the viewpoint of boundary states. Here
we consider how the orientation projection {2 acts on open string states.

The © action reverses the orientation of the world-sheet as usual. It always acts on
the oscillator part of a massless gluon state as € |gluon) = —|gluon). Below we concentrate
on its action on the Chan-Paton factor. Since it exchanges the two boundaries of the
open string world-sheet, Q will act like |é,j) — |j,4), where 4,5 = 1,2,---, N + M in the
presence of N D-branes and M /2 ghost-branes. We express the Chan-Paton matrix by A
and assume that A is hermitian as usual. We expect that €2 acts by transposing \. When
we A is a supermatrix we need to modify the definition of a transposed matrix. Indeed
the effective Yang-Mills action on branes is S oc StrF? + - - - and the  action should be a
symmetry of this system. Because in general (A\;A2)T # AT for supermatrices, A — AT
is not a symmetry. As is explained in appendix A, we should supertranspose A to AT, This
satisfies ()\1)\2)T = )\;ﬁ)\f and Str\ = StrA”. Notice also that T is not a Zs action since
()\T)T = KAK, where K = diag(In,—1Ip7). The matrix Ip; denotes the M x M identity
matrix.

Then we can write the  action in the following form

Q:A— 7_1)\T7, (2.6)

where v is a U(IN|M) matrix corresponding to a gauge transformation on D-branes. By
requiring that this is a Zy action Q2 = 1, we find the condition” for

WT =+v K. (2.7)

Under the U € U(N|M) rotation A — UAU~!, the matrix 7 transforms as v — U~UT .
We can pick up the following solution to the constraint (P.7)

In O
nosp = | o )

nv 0
= 2.8
YSpO ( 0Ly > , (2.8)

corresponding to the + sign in (R.7), respectively. The M x M matrix 7y is defined by
n = —02® Iy (see also (A.14) in appendix A).

The massless gauge field should satisfy @ = —1 under the action (P.§). In the case

7 = Yosp, this leads precisely to the condition that the Chan-Paton factor is a generator
of OSp(N|M): i

A= —Y0sp AT ’yéép. (2.9)

SWith 32 + n D9-branes and n anti D9-branes, the gauge group becomes SO(32 + n) x SO(n) (or
Sp(32 +n) x Sp(n) by considering the opposite Q projection) @, @]
"Here we employed Schur’s lemma for supermatrices [E] Also we assumed the generic situation N # M.



This is realized when we consider ghost D9 or Dl-branes in type I string theory.® The
other case ygp0 corresponds to OSp(M|N) and occurs when we consider D5-branes.

3. World-volume theory on branes and ghost branes

The world-volume theory on N Dp-branes and M (or M/2) ghost Dp-branes can clearly
be described by a gauge theory with U(N|M) (or OSp(N|M)) Chan-Paton matrices. The
low energy action” is that of the (p+ 1) dimensional super Yang-Mills theory whose gauge

group is one of these supergroups

1 1 1 A
S=—5— dPlz Str [—Z(FW)2 - 5(Duqﬁz)z +, (3.1)

9y m

where F),, = 0,A, — 0, A, —i[A,, A,] is the field-strength and @' are the transverse scalars.
This action (B.J)) is invariant under the gauge transformation'® 64, = 9, x +i[x, 4,). Since
the gauge field and the transverse scalar fields take supermatrix values, some of the bosonic
modes have an extra minus sign in the kinetic terms.!’ Also there exists a fermionic gauge
and scalar fields. These super Yang-Mills theories possess sixteen supersymmetries as
in the ordinary case. Because of this, we can indeed extend the various string dualities
consistently as we will explain later.

3.1 Cancellation between branes and ghost branes

Let us assume all branes and ghost branes are situated at the same location. In the
boundary state formalism in section 2, it is clear that the branes and ghost branes cancel
each other. Thus the open string theory on N Dp-branes and M ghost Dp-branes is
equivalent to the theory with N — M Dp-branes when N > M or the one with M — N
ghost Dp-branes when M > N. For example, the partition function Z of the open string
theory should satisfy the following equality

Z[U(NIM),¢¢n] = Z [UIN = M), g¢ 1] , (3.2)
in type II string theory and

Z [0Sp(N|M), g5 n] = Z [O(N = M), g a1)] (3.3)

8In the ghost D1-branes case, the transverse scalars are not in the adjoint representation and are subject
to the the opposite projection Q = 1, i.e., they satisfy A = —vspo AT 'ygplol

9The DBI action takes the form S = Tp, [ d**'x Stry/—det(1 + 2ma’F},,). It has a minus sign in front
of the whole DBI action for the gauge fields with wrong-sign kinetic terms.

ONotice that only commutators appear in these expressions for the Yang-Mills theory. Anti-commutators
which are typical in Lie superalgebras (see appendix A) arise when we expand a supermatrix-valued field
#(x) by bosonic generators T with coefficients ¢4 (z). Only ¢4 can be Grassmann odd and in that case
we find anti-commutators T4TE 4+ TET4,

HRefer to [@] for classical solutions of the Einstein-Maxwell theory with a minus sign in front of kinetic
terms of gauge fields as appear in ghost D-branes.



in type I string theory,'? assuming N > M. When N < M we clearly obtain

Z [U(N|M)

Q%M] =7 [U(M - N)a_g%/M] )
Z [0Sp(N|M), g5 Z

9y m) [Sp(M — N), —g3 m] - (3.4)

)
)

We can also derive a similar relation for the correlation functions of gauge invariant oper-
ators.

We can also imagine a situation with branes of different dimensionalities. For example,
consider the system of several D3-branes coincident with N D7-branes and M ghost D7-
branes. The world-volume theory of 3-branes now has a flavor symmetry U(N|M) with N
usual fermionic quarks and M bosonic quarks. From the brane picture it is clear that this
system is equivalent to a theory with N — M usual quarks.

These statements are non-trivial in open string field theory or super Yang-Mills theory
(B.1)). Even though the open string theory is complicated because of infinitely many fields
and interactions, the essential point of this cancellation is the combinatorics of Chan-
Paton matrices. In other words, it is enough to show the reduction for corresponding zero
dimensional supermatrix models. This is because all the other parts, e.g., propagators,
integrations of momenta and interactions, are exactly the same due to the supergroup
gauge symmetry dictates that the action is constructed out of supertraces. It may appear
that we need to consider multi-supermatrix models since we have many open string fields.
However, as is shown in appendix B, cancellation takes place for each Wick contraction of
correlation functions. Then it is obvious that the reduction holds for multi-matrix models
if we prove it for one-matrix models.

This cancellation (B:3) for U(N|M) matrix model has been already shown!® perturba-
tively by Feynman diagrams [29, B] and non-perturbatively by Virasoro constraints [R9].
In appendix B we review these proofs and also extend it to the OSp(N|M) case to show
(B.9) and (B4). The similar reduction of U(N|M) was also explained for the supergroup
sigma model in [B1], B3] and for the topological branes [[4]. In the appendix, we also show
that the reduction U(N|M) — U(N — M) holds for flavor symmetry, too.

Now, it is possible to give large vevs to ¢'s so that the D-branes are far away from
the ghost D-branes. For such a configuration the cancellations like (B.) (B.J) are not true
any more. In this paper we will not get into details of the physical interpretations of these
unusual modes, but only discuss briefly in the final section.

3.2 Anomaly cancellation in type I OSp(32 + 2n|2n) string

In order to obtain a physically sensible gauge theory, we have to require all gauge anomalies
to vanish. The ten dimensional N = 1 super Yang-Mills theory always suffers from the
hexagon anomaly. However, when we couple the gauge theory with N = 1 supergravity,
the anomaly is canceled by the Green-Schwarz mechanism [RJ].

2Here we consider p = 1,9 branes. For p = 5 branes we have only to replace ¢g%,; with —g%,, in the
right-hand side of (@)

13Similar matrix models have been discussed in [@] [@] in order to compute superpotentials of 4D N =1
super Yang-Mills theories.



In this cancellation mechanism [R3, BJ], the essential identity required was

Tr g F6] = 4% T FY] - TroglF2] — ﬁ (TraglF2))°, (3.5)
where F' is the gauge field strength. In the end, we find that (B.f) is satisfied for the
celebrated gauge groups SO(32) and Eg x Eg.

In our case of the supergroups, we need to replace Tr,q with the supertrace Str,y. To
see that (@) is satisfied in this case, we need to rewrite the supertrace Str,g in the adjoint
representation in terms of the supertrace Str in the fundamental representation. This can

be found from the explicit form of the generators in the adjoint representation in terms of

A

the generators t;,,,

in the fundamental representation:
1
A A XD (A +|v A
(t )ZLK =5 Sawth, — (_1)(|M| IAD AL+ D6,U«pt)\u

(=)D oy b8, — (— 1) 1] (3.6)

The supertrace is defined as StrM = (—1)1 M, up in the fundamental representation and as
StroaM = (—1)HHPIALY in the adjoint representation. Using (B.8), we can see that the
results for the supergroup OSp(N|M) are obtained from those for O(N — M) by replacing'*
traces with supertraces (for some details see appendix B.4). Explicitly, we find

Streq[F? = (N — M — 2) Str[F?],

Straa[FY] = (N — M — 8) Str[F?] + 3 (Str[F?))?,
Straq[F%) = (N — M — 32) Str[F°] + 15Str[F?]Str[F4]. (3.7)

The condition (@) is satisfied only when N — M = 32. We conclude that the anomaly is
canceled for the gauge group'® OSp(32 + 2n|2n) as we expected.

The type IIB system with N D9-branes and N ghost D9-branes also has a gauge
anomaly which gets cancelled by the Green-Schwarz mechanism.

4. Heterotic strings with supergroup gauge symmetries

4.1 Heterotic world-sheet from type I/heterotic duality

Since type I string theory with the OSp(32+ 2n|2n) gauge group has sixteen supersymme-
tries, it is well-motivated to consider its strong coupling limit. We claim that it is given by
the OSp(32 + 2n|2n) heterotic string theory!® generalizing the well-known case of n = 0,
i.e., the type I/heterotic duality [§. The existence of this novel heterotic string has already
been mentioned in [[i] recently.

The same is true for SU(N|M) and SU(N — M).
'°It will also be interesting to check the anomaly cancellation for E(8+ Z,2) x E(8 + 2, 2) that will be
discussed in the next section.

1611 this paper, we omit the difference of supergroups analogous to the familiar one between S0O(32) and
Spin(32)/Zs.

,10,



We can derive its world-sheet theory from the type I side. A D1-brane in the type I
0Sp(32 4 2n|2n) string theory is dual to a fundamental heterotic string. We find eight
bosons X™ (m =1,2,---,8) and eight right-moving fermions S% (@ =1,2,---,8) as the
transverse scalars and their super-partners on the brane. In addition, we find 32 + 2n left-
moving fermions \* (i =1,2,---,32 + 2n) and 2n left-moving bosons ¢! (7 =1,2,---,2n)
from 1-9 strings.!” Here we used the fact that the open strings between the D1-brane and
the n ghost D9-branes become ghost-like and have the wrong spin-statistics relations. The
world-sheet theory of the OSp(32+2n|2n) heterotic string in the light-cone Green-Schwarz
formalism is thus the N = (0, 1) conformal field theory with field content

left-moving : (X7, Ao, ¢%), m=1,2,---.,8 i=1,2,---,324+2n; i=1,2,---2n
right-moving : (X7, S%), m,a=1,2,---8. (4.1)

The current algebra part of the heterotic world-sheet theory has 32 + 2n spin-1/2 real
fermions and 2n spin-1/2 real bosons, which has the total central charge ¢ = 16.!® Indeed,
this is the free field representation of the level-one OSp(32 + 2n|2n) current algebra [BF).

4.2 Level-one OSp(M|N) current algebra

We now study the level-one OSp(M|N) current (N is even) algebra since it is an essential
building block of the heterotic OSp(32+42n|2n) string theory. For general aspects of current
algebras based on supergroups refer to, e.g., [B, Bdl.

We have the following OPEs for the M free real fermions and N real bosons (called

symplectic bosons):
s i

N(2N(0) ~ —,  ¢'(2)¢7(0) ~ (4.2)
z z
We will raise the index of symplectic bosons as (! = —n%(;, where the anti-symmetric
matrix n* = iJ¥ is defined by (A.14) in appendix A. We define the bosonic currents
1 o .
J¢ = itgjma Jt = —takg (i (4.3)

The bosonic generators t* and t% belong to the SO(M) and Sp(IN) Lie algebras, respec-
tively:
th =19, 9 = ™ty (4.4)

We also require that t¢ and t® are hermitian. In addition, there exist fermionic currents'®

— 120N, (4.5)

171f we consider more than one D-strings, there are gauge fields and their anomaly must be canceled [@]
The gauge anomaly is indeed canceled in our configuration of 9-branes.

18As we check in appendix C, the central charge of the level-one current algebra for OSp(M|N) is
¢ = (N — M)/2. Thus when N — M = 32 the total central charge vanishes in the left-moving sector:
cr, =10+ 16 — 26 = 0.

9Notice that the matrix t* is bosonic.
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Then it is easy to show the currents ([£.3) and ([.H) give a representation of the
OSp(M|N) current algebra at level-one

2Str[tA¢5] N ifAB o JC(0)

2 )

JA(2)JB(0) ~ -

4.6
. (4.
where A denotes all indices for the adjoint representations of OSp(32 + 2n|2n), i.e. A =
{a,a,a}. The structure constants f48 o are defined by [t4,t5] = ifA8 o t€, where [,]
denotes an anti-commutator if A and B are fermionic; otherwise it denotes a commutator
(see appendix A).

4.3 Closed string spectrum in the heterotic OSp(32 + 2n|2n) string

In order to keep modular invariance, we impose the GSO projection for the (A, () system in
a way similar to the SO(32) heterotic string [B7, Bd]. In the NS sector we have anti-periodic
boundary conditions \(7,0 + 27) = —\i(7,0) and (*(1,0 +27) = —(*(7,0). The R sector
is defined by periodic boundary conditions. Let us define F)\ and F; modulo 2 to be the
operators that count the numbers of A and ( relative to the appropriate ground state in
each sector.?? The GSO projection picks out states with (—1)"**F¢ = 1 in both sectors.
We define the torus partition function by

1+ (=1 +Fe
2

(=)™ + (=)'
: :

Z ="Tr (-)fe =Tr (4.7)
where the trace is over the left-moving NS and R sectors. The latter expression can be
written as a sum over the four spin structures of the torus, and reduces to the torus
partition function of the heterotic SO(32) string due to cancellation between 2n fermions
and 2n bosons. Note that the cancellation requires the same periodicities of bosons and

2l These are the reasons for the unconventional definition above and then the

fermions.
modular invariance is obvious. The insertion of (—1)f¢ in the intermediate expression
implies that states with an odd number of { excitations have the opposite statistics to the
usual heterotic states. The total zero-point energies?? of these sectors are given by —1 and
+1 in the NS and R sectors. Due to level matching with the right-moving sector, there
is no tachyon. The graviton multiplet arises in the standard way. Massless gauge fields
only come from the NS sector of the current algebra. We find states corresponding to the

SO(32 + 2n) x Sp(2n) gauge bosons

)‘11/2)‘{1/2’0% Czl/ngm!O% (4.8)

as well as their gauginos. Furthermore there exist gauge fields (and bosonic gauginos)

)\2;1/2({1/2‘0% (49)

20This ground state is the SL(2, C)-invariant ground state in the NS sector, and |0)r that will be defined
later in the R sector.

21This also follows from the Zo residual gauge symmetry on the D-string.

22The physical state condition is (Lo + a)|phys) = 0, where a is the zero-point energy.
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which are fermionic because (—1)¢ = —1. Altogether, they form the ten dimensional
0Sp(32 + 2n|2n) super Yang-Mills multiplet.

Recently, it was found in [Bg] that there exists an open string in the SO(32) heterotic
string theory. One important consistency check for the existence of such an open string
was the cancellation of gauge non-invariant terms between the world-sheet and spacetime.
Another was the conservation of degrees of freedom flowing from the world-sheet to space-
time. These checks go through for the OSp(32 + 2n|2n) heterotic string by replacing the
traces by supertraces as we did in subsection 3.2.

Another way to describe this heterotic string theory is to bosonize the (A, () system.
We can regard the n copies of the symplectic bosons (¢#~1,¢?) (1 =1,2,..,n) as the (3,7)
systems. Then we can apply the standard bosonization procedure (k =1,2,...,16 4+ n)

" - 1
()\2]6 1+2)\2k) el , )\kE
\/—

Cl = _(C2l 1 +’L€2l) — €i¢l8§l, Cl =

k

)\k ()\2]671 _ Z)\Qk) — e*itp ,

Sl

<<2“ iy =e', (4.10)

<[
Nis

where the OPEs are

/ / - 7/ / , 6”/
()" (0) ~ =" log 2, @(2)@" (0) ~ 6" logz, ' (2)€"(0) ~ — (4.11)

We can represent the Cartan subalgebra generators H,, (m = 1,2,---,16 + 2n) of
OSp(32 + 2n|2n) as the following 16 4 2n currents

Hy = (' = —idg',
Hypp = NOAE = 0,k (4.12)

The vertex operator of the form (Viscilator denotes the part made of oscillators of ¢, @,n

and &)
16+n

= &P [ Z Oén_i_kgo + 1 Zalgp} : oscﬂlatom (4.13)

possesses the weight eigenvalues Hm = a,;, and its conformal dimension is

1 n 1 164+2n 1
A= _5 Z (am)Q + 5 Z (am)Z + Aoscillator = 5(04, a) + Aoscillator- (414)
m=1 m=n+1

Notice that the conformal dimension Aggcator for the oscillator part is always a non-
negative integer.

The 16 + 2n simple roots of OSp(32 + 2n|2n) (see the Dynkin diagram in figure 6) are
given by the following operators (we omit cocycle factors)

Jo — ei@17i¢l+18§lnl+1 (l — 17 2’ ceem— 1)’
Jon = (9" ie pen.

k+1

Jntk — it —ie (k=1,2,---,15 + n),

'<p15+n +’i3016+n

Joretan — ¢ . (4.15)
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Notice that «,, is the only fermionic simple root and the others are all bosonic. We find

the inner products (called the symmetric Cartan matrix®® 4’ )

(O, o) = =2 if 1<m=m'<n-1,
=2 ifn+1<m=m' <16+ 2n,
=1 if o, and o,y are adjacent in the Dynkin diagram andl < m,m’ <mn,
= —1 if a;, and oy, are adjacent in the Dynkin diagram and
n<m,m <16+ 2n,
= 0 in other cases. (4.16)

From ([.1§), we see that the root lattice of OSp(32 + 2n|2n) is given by

Troot = {(101, .0, 16 1r2n) € Z1OH22 S0y + 308, 4 € 27) (4.17)

The weights of the ‘spinor’ representation can be found as follows. In terms of the A
system, the fields corresponding to simple roots are

J o (¢t (1=1,2,--n—1),
JCVn x 5\1(21171’
Jontk oc NEFLXE (B =1,2,...15 4+ n),
Jate+2an )\15+n)\16+n. (4.18)

As in the SO(32) case, the GSO projected R-ground states furnish a ‘spinor’ representation.
Let us define |0) g to be the ground state annihilated by the zero-modes of A* and ¢!. Since
the simple root operators contain at least one of these, |0)g is the highest weight state in
one of the irreducible spinor representations. This state has eigenvalues (highest weight)

((=1/2)", (1/2)'™) (4.19)

of the Cartan generators. Thus an element of the weight lattice I'spinor for this spinor
representation is the sum of ({.19) and a vector in I'ioot. The Narain lattice for the
bosonized description of the OSp(32+2n|2n) heterotic string is the sum of the two lattices:

Fn,16+n = I'root U Fspinor- (420)
The inner product of ¢,q" € T'y, 1644 18

n 164+n
(@:4)==D_ad+ Y nikdhk (4.21)
=1 k=1

as we defined in ({.14)). It is easy to check that the lattice 'y, 1645 is even with respect
to this inner product as required by the level matching condition and locality of vertex
operators. Although the torus partition function has contributions from fermions 7, £, we
expect that modular invariance requires self-duality of the lattice. We have checked that
the lattice I'y, 164n is indeed self-dual.

ZDistinguish this from the ordinary Cartan matrix A,,,» whose diagonal part is always 2 or 0.
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4.4 Heterotic string based on the Eg x Eg-like supergroup

We can define another heterotic string by imposing double GSO projections as we do to
define the Fgx Eg heterotic string [B7] (see also [ff] for an earlier discussion). We expect that
this leads to another supergroup extension of heterotic string theory in ten dimensions. Let
n be even. We divide the free fields \* and ¢’ in the previous subsection into two groups:

()\174'5) 22172’716+n’ i:172”n7
(W¢) e =174 0184, 324 2m; P =0t ln 220 (4.22)

After taking GSO projections ([L.7) separately on these theories, we have the four left-
moving sectors (NS,NS), (NS,R), (R,NS) and (R,R). As in the OSp case, the (NS, NS)
sector has the total zero-point energy —1 and thus the massless gauge bosons for SO(16 +
n) x SO(16 + n) x Sp(n) x Sp(n) are

;!

NNy o100, AN 10, €y el l0), €Yoy l0). (4.23)

There also exist fermionic gauge fields

A21/2C11/2|0>a )‘i_/1/2czl/2|0>- (4.24)

Furthermore, we have other massless states from the (NS,R) and (R,NS) sectors.
Since the zero-point energy vanishes, the ground states give rise to massless fields. The
degeneracy of ground states comes from the fermionic zero-modes ()\6,)\6/) and bosonic
zero-modes (Cg,(g). The former, as is familiar in the ordinary heterotic string theory,
leads to the spinor representations with dimension 27t5 (assuming n is even) of either of
the two SO(16+n)s. The latter is a novel ingredient in this kind of heterotic string. Indeed
it generates infinitely many massless modes because the bosonic zero-modes constitute the
Heisenberg algebra (or equivalently the spinor representation of the metaplectic group).

In the ordinary Eg x Eg heterotic string, the 248 dimensional adjoint representation of
one Fyg is obtained by combining the 120 dimensional adjoint representation of one SO(16)
in the (NS,NS) sector and the 27 =128 dimensional spinor representation of the same
SO(16). In our heterotic string we can see that the massless gauge bosons and fermions
belong to two copies of an infinite dimensional Lie superalgebra. We call this superalgebra
E(8 + 5, %) since it includes the Eg algebra. What we have discussed is the heterotic
E@+%,5) x E(8+ %, §) string.

We found that F(8+ %, §) is infinite dimensional. This fact seems to be consistent with
the known mathematical fact: there is no finite dimensional Lie superalgebra which is a
counterpart for the E,, Lie algebra. The only examples of exceptional Lie superalgebras are
called G(3) and F'(4), whose bosonic parts are Go x SU(2) and SO(7) x SU(2), respectively.
Indeed, if we try to extend the Fg algebra by adding fermionic roots, we find that the Cartan
matrix ceases to be positive definite. Thus the superalgebra becomes infinite dimensional
(this is called an indefinite superalgebra).

The Narain lattice for the E(8+7%, §) x E(8+7%, §) heterotic string is IngynxTagin,
where I‘%78+% is the root lattice of E(8+ %, §) and is defined in the same way as I';, 164n: An
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element of I'z g » is an integer vector (ni, ..., ng4n) such that }°, n, is even, or the sum of
such a vector and ((—1/2)™/2,(1/2)8+"/2). 1t is equipped with the (="/2, +8t"/2)_signature
metric.

We can discuss the strong coupling limit of this heterotic string theory. The product
form of the gauge supergroup suggests the Horava-Witten type duality [[]. In other words,
we expect that this ten dimensional string theory is dual to the M-theory on S'/Zy. This
Zs projection preserves sixteen supersymmetries. Each of two fixed planes will provide the
E(8+ %, %) gauge theory. It would be interesting to see this from the anomaly cancellation
argument in eleven dimensional supergravity.

Finally we would like to mention a subtlety that appears when we consider the spinor
representation for the O.Sp supergroups. Such a state appears in the massless states of the
heterotic E(8+ %, 5) x E(8+ 5, §) string as we have seen, and also in the massive states of
the heterotic OSp(324-2n|2n) string. The corresponding vetex operators can be constructed
via the bosonization (f.10) of the (3,7) system. To maintain the modular invariance, we
need to pick up a state with a definite picture as in the superconformal ghosts sector of the
ordinary superstrings. When we consider an OPE between two different R-sector operators
we encounter an vertex operator with a different picture. Then we need to identify states
with different pictures as we do by the picture changing operation in ordinary superstrings.
We leave the details of this operation in our case for a future problem.

4.5 Toroidal compactification

One can consider the heterotic OSp(32 +2n|2n) or E(8+ %, §) X E(8+ %, §) string theory
compactified on T¢. As in the usual heterotic string theory, it is convenient to use the
bosonized description. We use coordinates such that the radius of each circle is R.

Turn on constant metric g, (u,v = 1,...,d), B-field B,,,, and Wilson lines AL (I =
1,...,n) and Aﬁ (k=n+1,2,...,16 4+ 2n). As is shown in appendix D, the momenta for
this system are given by
w’R w”R

(g,ul/ + B/J,l/) - QZAL - QkAﬁ - T(_Af/A,lu + AﬁAﬁ)’

2
ki = (@ —w"RAL =

’
O/

/2
ki = (qk +w“RAﬁ) "

n w’R
kRu = EM + 7(_guu + Buu) - QIAL - QkAZ -

n
kip = 3+

w’R
2

L gl k Ak
(=4, A, + ADAL),  (4.25)
generalizing the results for ordinary heterotic strings RJ]. Here (g;,qx) is a point in the

lattice I'y, 164n O I‘%78+% X I’%,BJF% that defines the heterotic string theory. n, and w*
are arbitrary integers representing the momentum and the winding number along the x*

o o o o
l:= (U EkL“’ 1/ Ekl, 1/ Ekk, \/ Ek3#> .

direction.
Let us define
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Then the level matching condition is
_ 1 _
OZLO—L0:§lol—|—N—N—1.

Here N and N arise from oscillator excitations and take integer values. We have defined
the metric on the momentum lattice by

a/

lol = E(QHVkLuk/Lu — kik"s + k' — 6" krukR,)

— nuw'“ + w“nL — qqu + qkq;c.

We see that the level matching condition is satisfied because the lattice Iy, 16+4r or I‘%78+%
of (g1, qx) is even. It is clear that the moduli space of the lattices for this toroidal compact-
ification is given by

SO(16+d+n,d+n; Z)\50(16+d+n,d+n; R)/SO(16+d+n,n;R)xSO(d,R). (4.26)

The moduli are the metric, B-field, and Wilson lines.
As is well-known the SO(32) and Eg x Eg heterotic strings become equivalent upon S*

compactification by choosing appropriate Wilson lines and radii. This equivalence extends
to the OSp(32+2n|2n) and E(8+ 5, 5) x E(8+ 5, 5) strings. Let us turn on Wilson lines

(Al, Ak) _ ((1/2R)n/2,0n/2, (1/2R)8+n/2’ 08+n/2)
on the OSp side and
(Al7Ak) _ (On7 1/]:{7 O7+n/27 1/];{7 O7+n/2)

on the E x E side. It is cumbersome but straightforward to show that the spectrum (4.25)
on the OSp side is exchanged with that on the E x E side via R — /2R, (kp,kr) —

(kr,—kg).

5. Type II-like closed superstrings with U(n|n) supergroup gauge symme-
tries

In the previous section, we constructed the world-sheet of the heterotic OSp(32 + 2n|2n)
string from the strong coupling limit of a D1-brane in the type I OSp(32 + 2n|2n) string,
generalizing the typel/heterotic duality. In this section, we consider the type IIB S-duality
in the same spirit and ask what the world-sheet description is for the S-dual of the system
involving n D9-branes and n ghost D9-branes. In other words we study type IIB string with
n NS9-brane and n ghost NS9-branes. We will be able to construct a I[IB-like superstring
world-sheet which leads to the U(n|n) gauge symmetry.
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5.1 Superstring world-sheet from S-duality

Consider the world-sheet of a D-string in the background of n D9-branes and n ghost D9-

branes. We find eight transverse scalars X™ (m = 1,2,---,8), a non-dynamical gauge field
Ay, eight left-moving fermions S§ (a = 1,2,-- -~,8), and eight right-moving fermions S%
(@=1,2,---,8) from the 1-1 string. S¢ and S% transform in the spinor representations

of opposite chiralities.?* These fields from the 1-1 string match the massless excitations
of the type IIB fundamental string [B9). We have new ingredients due to the 9-branes.
From the 1-9 strings, we find left-moving fermions A’ (i = 1,...,n) and left-moving (ghost)
bosons ¢* (7 = 1,...,n). The 9-1 strings give the conjugate fields )\; and (;. These spin—%
fermions and bosons behave just like those in (.10). They furnish a representation of the
level-one current algebra OSp(2n|2n)k—1, which will reduce to U(n|n)x=1 as we will see
below.

We also need to take into account the effects of the gauge field A, on the D1-brane.
Let us consider a compactification on a circle of radius 1 in appropriate coordinates and
assume that the D-string is wrapping the circle. It is well-known that the flux F’-, measures
the fundamental string charge on the D-string. Since we are interested in the pure D-string
(e.g. the perturbative F-string in the dual side), it is natural to consider the sector with
F.; = 0. Then the path-integral for A, after gauge fixing is over the constant Wilson line
Agy. Since A, couples with the U(1) current

J =N\ =G (5.1)

the integration over constant A, forces the U(1) charge Jy to vanish:

Jo = /daJ(J) = 0. (5.2)

The restriction to the zero-charge sector reduces the current algebra?® to U (n|n)=1 (see [B6]
for the properties of this current algebra).

Let us combine the fields as (Af) = (A}, ¢?), (A7) = (A, G). Turning on a Wilson
line along the S' changes the periodicities to Al(o + 27) = €™ Al(g), Af(o + 27) =
e 2™ A1(0) for some real v. Just as the Zy gauge symmetry produces the R- and NS-
sectors of the heterotic string in the type I/heterotic duality, the U(1) gauge symme-
try instructs us to integrate over v from 0 to 1. This integration is however trivial be-
cause as long as we look at sectors where the U(1) charge .Jy vanishes,?® the Hilbert
space is independent of v27. We choose to work in the NS-sector (v = 1/2) in what
follows.

24Here we imposed the Dirac equation.

31f we fully gauge the U(1) without imposing Fr, = 0, we get the current algebra PSU(n|n)x=1.

26The requirement Jo|state) = 0 can also be regarded as the analog of the GSO projection in the heterotic
string case.

2"For example, the Jp condition excludes 5\¢05\j0|0)p{ that has no counterpart in the NS sector.
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5.2 Closed superstrings with U(n|n) gauge symmetries

We are led to consider a superstring whose world-sheet theory is described in the NSR-
formulation by

left-moving : (X%, ¢) x U(n|n)g=1,
right-moving : (X}, V%), (5.3)

with the U(1) projection (f.9). As is usual in the type II string, we also have the (b, c) and
(8,7) ghosts.

Now we briefly study the new superstring we have just discovered. In the (0, 0)-picture,
the gauge fields are represented by the heterotic-like vertex operators

J2)0X"(z)eF X ... (5.4)

where J% = A7(t*)! ;A7 are the U(n|n)x—; currents. The modular invariance again follows
from the modular invariance of the usual type IIB superstring due to the cancellation
between As and (s. Note that the partition function involves integration over the periodicity
v in the o direction as well as the periodicity v/ in the 7-direction. The v/ integral is
equivalent to the Jy condition. Both integrals are trivial because the integrand is one.

Clearly, this superstring with U(n|n) gauge symmetry is equivalent to the ordinary
type IIB superstring as long as the amplitude involves only the external particles that are
present in the usual theory. This is because the system with n D-branes and n ghost D-
branes is equivalent to the one without branes, and our theory is S-dual to such a system.
This equivalence holds perturbatively because of the fact that a U(n|n) gauge theory is
trivial as we saw in subsection 3.1. This equivalence is no longer true when we compactify
the string theory on a circle and turn on generic Wilson lines. For example, it is possible
to turn on the Wilson lines so that the interactions between the NS9-branes and the ghost
NS9-branes, which carry U(n) gauge groups, become weak. This may be a useful model to
investigate NS9-branes.

The existence of a gauge multiplet implies that the supersymmetry is superficially
broken from 32 supercharges to 16 supercharges, though the system sitting at the vacuum
is actually equivalent to the type IIB superstring. We expect that the construction here
extends to ITA-like superstrings via T-duality. We would like to come back to more details
of these new string theories in another publication.

6. Lie superalgebras from 7-brane configurations

Type 1 SO(32) string theory on T? is equivalent to the type IIB string theory on T?/Zs
with four orientifold 7-branes (O7-branes) located at each fixed point via the T-duality.
There are sixteen D7-branes allowed so that the tadpoles are canceled. This string theory is
known to be non-perturbatively described by F-theory compactified on a specific elliptically
fibered K3 surface [0, fl]. In the latter description the presence of D7-branes and O7-
branes is equivalent to the existence of singular fibers in the K3 surface.
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Figure 2: The SU(M|N) Dynkin diagram from a 7-brane configuration in type IIB string theory
theory. A white box denotes a D7-brane and a black one a ghost D7-brane. A line with an arrow
between 7-branes represents an F-string, which corresponds to one of the simple roots oy, as, - -
wan+m—1- The N-th F-string becomes fermionic because it stretches between a 7-brane and a
ghost 7-brane agreeing with the fact that ay is a fermionic simple root.

If we consider a probe D3-brane near an O7-brane, its low energy theory is given by
the 4D N = 2 SU(2) super Yang-Mills theory with various flavor symmetries depending
on the configurations of D7-branes. For example, if we have Ny D7-branes located at the
orientifold, then the flavor symmetry is Dy, = SO(2Ny). The quarks are realized as the
(p,q) strings or their string junctions between the D3-brane and various 7-branes. It is
even possible to realize the Eg 7 g flavor symmetries. In summary, we can realize A,,, D,
and Eg7g (i.e. all simply laced Lie algebras) symmetries by this method (refer to [L0] and
references therein). These models of 7-branes and string junctions provide us with a visual
way of understanding various enhanced symmetries in string theory.

In this setup of 7-branes in type IIB string, we can again introduce ghost D7-branes
without breaking the sixteen supersymmetries. Notice that a ghost 7-brane possesses the
opposite monodromy 7(z) ~ —% log z of the dilaton-axion relative to the ordinary 7-
brane. Let us start with M D7-branes and N ghost D7-branes. Then we can see that
the open fundamental strings between them lead to the adjoint representations of the Lie
superalgebra SU(M|N). Indeed we can pick up simple roots naturally from the brane
configuration and find the structure of the Dynkin diagram as in Fig.2. One important
new ingredient is that in the superalgebra one of the simple roots is fermionic and indeed
it is realized as an open string between a D7-brane and a ghost D7-brane.

Furthermore we can add an O7-brane in this 7-brane configuration. Then the gauge
group enhances into OSp(2M|2N). The OT7-brane can be regarded as a bound state of
one (1,—1) and one (1,1) 7-brane [L0]. Then we can express the simple roots and the
Dynkin diagram of OSp(2M|2N) in terms of string junctions as in Fig.3. Even though
the SO(2M) part of the bosonic subgroup is manifest in Fig.3, the Sp(2N) symmetry is
not obvious. In fact, we can find the string junction corresponding to the long root with
length-squared four which is typical in Sp(2N) as in Fig.4. In terms of simple roots of the
OSp algebra the long root ajeng is given by

Qong = 2(aN + QN1+ -+ aNtM—2) + ANy M1+ AN M- (6.1)

Then one may worry that the long root may contradict with the standard BPS condition
Q? = —(a,a) > —2, where Q? is the intersection number of the string junction. In fact,
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N+M

Figure 3: The OSp(2M|2N) Dynkin diagram from a 7-brane configuration in type IIB string.
The white box denotes a D7-brane (or (1,0) 7-brane) and the black one a ghost D7-brane. The
circles B and C are (1,1) and (1,—1) 7-branes, respectively. The N-th F-string becomes fermionic
because it stretches between a 7-brane and a ghost 7-brane, corresponding to the fermionic simple
root an. The final root a4z is the string junction made of (2,0), (1,1) and (1, —1) strings.

this was the reason why we can not realize the non-simply laced symmetry?® in the F-theory
on K3.

However, in our model with ghost D7-branes, the long root is actually BPS. First of
all, the intersection number should be defined with a minus sign for the open string which

starts or ends at ghost branes. Thus we should have (ay,, @) = =2 form =1,2,--- . N —1,
(an,an) =0, and (quy,, @) = 2 form = N+1,2, -, N+M (see also (.16))). In these rules,
the length-squared of the long root should be regarded as (along, along) = —4. Moreover,

the BPS condition also becomes more complicated than the one in the ordinary setup.
This can be easily understood from the heterotic dual viewpoint. Consider the heterotic
OSp(32 + 2n|2n) string on T2. The BPS condition requires that the right-moving sector
is in the ground state. Thus from (4.14) we immediately find

(along7 along) S 2 — 2Aoscillator7 (62)

where we assumed that there are no momenta in the compactified directions. When the
equality is saturated, the mode becomes massless. For the long root (cong; ong) = —4,
the left-moving part of the vertex operator looks like

JOong — 2PN 9EJ2E, (6.3)

Thus this includes the oscillator excitation of Aggciliator = 3 and it indeed becomes massless.

It is possible to obtain a superalgebra counterpart of F,, by adding ghost D7-branes in
the F, T7-brane configuration. Such superalgebras are, as we have seen from the heterotic
string viewpoint, infinite dimensional because the Cartan matrix A;; is no longer positive
definite. Such algebras are called indefinite superalgebras. One simple example is obtained
from the D5 Dynkin diagram (=7-brane configuration) by adding a fermionic node (=a

However, it is known that the Sp(N) gauge group can be realized in the presence of discrete fluxes on
K3 surfaces @], which is dual to the CHL heterotic string theory [@]
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Figure 4: The description of the long root a%ong = 4 in Sp(2N) in terms of a string junction.
Even though a long root is not a BPS junction in ordinary string theory, it becomes BPS in our
setup which includes ghost 7-branes. This is not a simple root in the superalgebra OSp(2M|2N)
and thus did not show up in figure E

ghost D7-brane) so that the Dynkin diagram becomes similar to Eg (see e.g. [[4]). Tt
will also be interesting to see if we can obtain the affine Lie superalgebras from 7-brane
configurations.

Finally, we discuss the F-theory interpretation. When we separate ghost 7-branes
from D7-branes, the value of Im7 (7 = ie™® 4 x) is negative near a ghost brane. This is
not possible if we identify 7 with the period of the torus fiber in the elliptically fibered K3
surface. This suggests that we need to consider F-theory on a sort of generalized K3 surface.
We expect that such a manifold would be a supermanifold with complex superdimension
two.?? We encounter a similar situation when we examine the type IIA /heterotic duality
as we discuss in the final section.

7. Discussions

7.1 Isolated ghost D-branes

When M ghost D-branes are on top of N > M ordinary D-branes with trivial gauge
backgrounds, the effects of ghost D-branes are completely canceled. It is clear that there
is no physical pathology in this system. The physical interpretation is subtler when some
background fields are turned on and ghost D-branes are not canceled by ordinary branes.
For example, when ghost D-branes are separated from ordinary D-branes, the system has
negative tension objects on which ghost fields appear. The Born-Infeld analysis seems to
indicate that the minimum energy configuration is such that the ghost D-branes are moving
at the speed of light and the D-branes are static. This configuration is non-supersymmetric
and may decay into some other background.

On the other hand, we have seen several interesting properties that may turn ghost
D-branes into a useful notion in string theory. First of all, they preserve the same super-
charges as ordinary D-branes, so the combined system is BPS. Second, in the compactified
heterotic string dual discussed in section 4, we found the degrees of freedom corresponding
to turning on the Wilson line. They are T-dual to moving ghost D8-branes. We believe that

29Some of earlier works on supermanifolds are, e.g., [@, @, . More recently supermanifolds have been
discussed in the topological string theory on twistor spaces in -K9].
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these issues deserve further study and that they may provide us with physically important
consequences.

One intriguing model would be a system of static D-branes and a ghost D-brane moving
toward the D-branes. Since the transverse scalars of the ghost D-brane has the wrong signs
in their kinetic terms, this system would describe a ghost condensation. Also if we assume
that the D-branes are far apart from the ghost D-brane, the influence of the ghost D-brane
on an observer sitting on the D-branes will be tiny, as the bulk theory is described by the
ordinary superstring theory. Keeping in mind the non-unitarity and instabilities of the
ghost fields, it may still be interesting to explore applications of ghost branes to various
phenomenological purposes. For example, the possible role of ghost fields (a.k.a. phantom
matter) as dark energy has been discussed in cosmology [pd]. Ghosts also appear in [F].
An even closer example may be [fZ], where the Z5 symmetry which flips the sign of energy is
proposed in the matter sector as a possible resolution of the cosmological constant problem.

7.2 IIA /Heterotic Duality

It is well-known that type II string theory on K3 is dual to heterotic string theory on
T7* [63 4] B3] . In this correspondence, the moduli space of N = (4,4) é = 2 conformal
field theory on the K3 surface

S0(4, 20,Z)\50(4, 20) / S0(4) x SO(20). (7.1)

is equivalent to the one for the heterotic string on 7¢. Under this duality, a fundamental
heterotic string is mapped to an NS5-brane wrapped on the entire K3 surface in type ITA
string theory.

We expect that a similar duality will also hold for our heterotic string. This leads to
the conjecture that the OSp(32 + 2n|2n) heterotic string on 7% is equivalent to type ITA
string theory on a certain manifold whose sigma model leads to a ¢ = 2 SCFT with the
following moduli space

SO(4 +n,20 + n, Z)\50(4 0,20 + n)/SO(4) % SO(n, 20 +n), (7.2)

as is clear from ({.26).

Since K3 is known to be the unique compact and simply connected Ricci flat manifold
with complex dimension two, we probably need to consider a supermanifold with super
dimension two (i.e., bosonic dim. — fermionic dim.=2) in the same sprit as in the heterotic
string side. Notice that the same manifold can occur in the F-theory description discussed
in section 5. Moreover, a supermanifold version of ALE spaces can naturally arise by
considering the T-dual of the system with NS5-branes and ghost NS5-branes.

7.3 Other superalgebras

It would be interesting to ask if finite dimensional Lie superalgebras other than U(N|M)
and OSp(N|M) can appear in some open string theory as Chan-Paton matrices. To
have such an interpretation, they need to be realized as subalgebras of the supermatri-
ces gl(N|M). From the Kac classification [pf] of Lie superalgebras, we find two families
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of such superalgebras Q(/N) and P(N). These are called strange superalgebras and are
defined by the supermatrices

vam=(5 3) w=(3 %), &

30 respectively; 15 and 14 are

where ¢ and ¥ are N x N bosonic and fermionic matrices,
the fermionic symmetric and antisymmetric matrices.

Formally, we can find a Zs action h which projects a system of N D-branes and N ghost
D-branes into the system that corresponds to (7.3). They are given®' by hg = —(—1)s and
hp = —Q(—=1)fs (Fg is the spacetime fermion number) for Q(N) and P(N) respectively.
This is because the action —(—1)% flips the signs of the NSNS and RR parts of a boundary
state and a D-brane is mapped to a ghost D-brane (i.e. it acts as ® — g9®oy). However,
the closed string theories arising from projections by hg and hp do not seem to make sense;
in particular the OPEs may not close.

Other interesting superalgebras are the exceptional ones. There are two of them: F'(4)
and G(3). Since the non-simply laced Lie group Fj can be found as part of a gauge group in
the CHL string theory [@], these supergroups might somehow show up in heterotic string
theory.

7.4 Future directions

There are various ‘ghost’ branes whose existence in string theories are predicted by du-
alities. These include the negative tension versions of NS5-branes, fundamental strings,
M2-branes, and Mb5-branes. It would be interesting to study the properties of these ob-
jects.

The reduction of a system with supergroup symmetries to one with usual bosonic
symmetries as described in subsection 3.1 holds not just in string theory but in general
quantum field theories. It may be possible to find useful applications of this.

It is known that the perturbation theory does not appear to reduce to SU(N — M)
around a vacuum of the SU(N|M) Chern-Simons theory [[14]. More generally, one can
consider a topological brane-anti brane system where some background fields are turned
on and anti branes are not completely canceled. We expect that the topological string am-
plitudes for such a system computes some terms in the low-energy action of corresponding
system of D-branes and ghost D-branes, by replacing traces with supertraces in the usual
formulas. This may have some applications.

Note added. A few weeks after our paper appeared on the web, we received an inter-
esting paper [7], where ghost D3-branes are applied to discuss a version of AdS/CFT
correspondence. There, the holographically dual theory is the 4D N = 4 SU(N|N) super
Yang-Mills theory. As pointed out in that paper, non-superymmetric gauge theories with

308trictly speaking the mathematical definition of Q(N) and P(N) requires that ¢ and 1 are traceless to
make the algebra simple. We ignore this condition here as we usually do when discussing the U(N) gauge
symmetry on N Dp-branes.

31Here we have type II strings in mind. In the bosonic string case, we can just set Fs = 0.
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the supergroup SU(N|N) had been used to realize gauge invariant regularization of SU(N)
theories in a series of work starting with [pg].
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A. Definition of Lie superalgebras

Lie superalgebras [p{] are defined by replacing the commutation relations in the definition

of usual Lie algebras with the Zg graded ones such that (anti-)commutators satisfy

where | X| denotes the fermion number of X, i.e. |X| = 0 if X is even (or bosonic) and
|X| =1if X is odd (or fermionic). Finite dimensional Lie superalgebras were classified by
Kac [Bf]. Some of them can be expressed by supermatrices. For more extensive reviews,

refer to [[5-[L7.

A.1 Preliminaries

We express a supermatrix X in terms of bosonic A, B or fermionic C, D submatrices

X = (g g) € gl(N|M). (A.2)
We define supertrace Str and superdeterminant Sdet of X by
StrX =TrA—TrD,  SdetX =det(A— BD'C)-det(D)L. (A.3)
They satisfy
Str(MN) = Str(NM), Sdet(MN) = Sdet(M)Sdet(N), Sdet(eM)=eS"M.  (A4)

In order to be consistent with these, we work with a supertransposed matrix
. T T
- _BT DT

instead of a usual transposed matrix X7. We can indeed show that

Str(X7T) = StrX,  Sdet(X7T) = SdetX, (A.5)

and

(xY)T =yTxT. (A.6)
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Figure 5: The Dynkin diagram of the superalgebra SU(N|M) (also called A(N —1|M —1)). Each
node, labeled by an integer m, represents a simple root a,, (m =1,2,---, N + M). The gray node
® is a fermionic root oy and its length is zero. The other roots represented by white nodes () have
length-squared (Qm, am) = £2.

Note that 7T is not a Zs action, but a Z,4 action. In fact we can see

(XTI = KXK = (_AC ;f) : (A7)

where K denotes

K= (Iév _?M> . (A.8)

On the other hand, the adjoint operation remains the ordinary one
xt=(xT), (A.9)
which involves T rather than 7. This satisfies
(XY)' =vTXt and (X7 =X. (A.10)
We call a supermatrix X hermitian if X = X.

A.2 SU(N|M)

An element of the Lie superalgebra SU(N|M) (also called A(N —1|M —1)) is a hermitian
supermatrix ® whose supertrace is zero: Str® = 0. It is divided into bosonic and fermionic

¢:<§’%>, (A11)

ia ab

elements

where 1 <4, < Nand N+1<a,b <N+ M. The matrices ¢! and ¢? are bosonic and
belong to the Lie algebras U(N) and U (M), with the constraint >, ¢L. — > ¢2, = 0. The
complex matrix 1 is fermionic. Fig.5 is the Dynkin diagram of SU(N|M).

In the special case N = M the algebra is not simple because the element I commutes

with everything else. We have to take a quotient by U(1) to make it simple. This is called
PSU(NI|N).

A.3 OSp(N|M)

We move on to the orthosymplectic algebra OSp(N|M ), where M is always even. In Kac’s
classification, this is called D(N/2,M/2) if N is even, C(% +1)if N =2, and B(%, %)
if N is odd.
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N+M-1
----- N-1 N N+1----N+M-2

~0

N+M

Figure 6: The Dynkin diagram of the superalgebra OSp(2M|2N) (or called D(N, M)). Each node,
labeled by an integer m, represents a simple root o, (m =1,2,--- N + M). The gray node ® is
a fermionic root apy, whose length is zero. The other simple roots expressed by the while nodes O
have length-squared (a,, @) = £2. The subdiagram with the simple roots ant1,- - -, anyu 1S
identical to the Dj; Dynkin diagram.

The OSp(N|M) is defined by imposing the constraint on SU(N|M), i.e.

v & +0T .y =0, (A.12)
where « is defined by
Iy 0
- , A13
= () (A13)
where ny; is the M x M matrix
_ 0 ilpg )
= iJy = . A.14
v = tJu (—iIM/Q 0 ( )

Solutions to (JA.19) are the superalgebra elements of OSp(N|M) and can be written as

o ( i —(¢72177)m>. (A15)

T;Z)ai ab
The first bosonic part ¢! satisfies the O(NN) projection
(") = —¢', (A.16)

while the second one ¢? satisfies the Sp(M) (or USp(M/2)) projection
(") =—n-¢*-n. (A.17)
Due to the hermiticity condition, the fermionic part obeys
Y* =y (A.18)
Fig.6 is the Dynkin Diagram of the superalgebra OSp(2M|2N) = D(N, M).

A.4 Other Lie superalgebras

There are many other superalgebras in Kac’s classification. Here we summarize them. In
general, Lie superalgebras fall into two classes: classical Lie superalgebras and Cartan type

superalgebras.
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In addition to SU(N|M) and OSp(N|M) (also called A(n,m), B(n,m), C(n + 1),
D(n,m) in Kac’s classification as we mentioned), the classical Lie superalgebras include the
exceptional ones called F'(4) and G(3). They have as the bosonic parts the Lie algebras of
SO(7)xSU(2) and Go x SU(2), respectively. Also it is known that D(2,1) has a continuous
parameter « and is called D(2,1; «). Furthermore, the classical superalgebras also include
the so-called strange superalgebras denoted by Q(n) and P(n).

Finally, there are four families of Cartan type superalgebras called W (n), S(n), S(n)
and H(n). They are defined as (sub)algebras of the vector fields on the n dimensional flat
fermionic manifold, whose coordinates are given by n Grassmann numbers (01,6, - -, 0,).

B. Proofs of cancellation in U(N|M) and OSp(N|M) super matrix models

B.1 Proofs by Virasoro constraints

The U(N|M) supermatrix model is defined by the action

S=—StrV(®), V()= c,®" (B.1)
n>1
and the matrix integral
Z[U(N|M)] = /dcb e 5(®), (B.2)

We can derive an infinite number of partial differential equations which should be satisfied
by the partition function Z[U(N|M)] in the form of Virasoro constraints. They can be
found by shifting the supermatrix as

1
-0 =9 . B.3
— +e€ (Z — (I)> ( )
To compute the Jacobian, let us consider the variation
3O =60 + €372 0 o) s PLODPF L, (B.4)

Then the superJacobian reads

1 \2
J=1+¢ (Strz — @) . (B.5)

By combining the superJacobian and the variation of the action, we obtain the loop equa-

Str ! 2+StrV/((I)) =0.
((rets) ~?R)

tion

The O(1/2%+2) term reads

k
<Z Strd!Stror ! + Z ncnStr<I>"+k> =0,
=0 n
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which can also be written as

k—1 00
0=L,Z= (2(]\7 — M)+ > 001+ > ncn6k+n> Z.

=1 n=0
for k> 1 and

0=LoZ= ((N - M)+ chnan> Z,
n=0

0=L_1Z= <01(N — M) + i(n—k 1)Cn+1an> Z. (BG)

n=0

These differential operators satisfy the Virasoro algebra
(L, L] = (k = 1) L y-

The fact the Virasoro generators depend on N and M only through the combination N — M
suggests that the dynamics of the supermatrix model is identical to that of the U(N — M)
matrix model.

We move on to the OSp case. Consider the supermatrix model

Z[OSp(N|M)] = / A3V @) V(@) =) e, @ (B.7)
n
The integral is over the Lie superalgebra of OSp(N|M). We include only even powers of ®
in V because the supertrace vanishes on odd powers. Consider the following infinitesimal
variation in the Lie superalgebra direction:

1 i)
<I>—><I>’:<I>+e< ) =P +tem—rs5.
2—=®) 44 22 —®

One can show3? that the superJacobian to order € is

€22 1

1 2 ¢
ety <S“m> R

and we obtain the Ward identity

2 !
2 1 V(D)
<<Strm> — StI'Z2 — (1)2 + 2StI’Z2 — (I)2> = 0

This is equivalent to the Virasoro constraints

k—1 00
1 1 1
0=LpZ = <§(N - M- 5)@9 +7 ;51319—1 + chnak-i-n) Z.

n=0

for k> 1 and

1 o0
0= LoZ= (Z(N —~M)(N—-=M—-1)+ Zoncnan> Z.
n=
The appearance N and M through N — M indicates that the OSp(N|M) model reduces
to the SO(IN — M) model.

82¢mv .= (B~ Y are ‘anti-symmetric’: €% = —(—1)#I"l¢m  This property makes it easy to consider
independent components.
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B.2 Perturbative proof of cancellation in the U(N|M) matrix model

We consider correlation functions in the U(N|M) supermatrix model (B.1)). The propaga-
tors can be written as (we set co = 1 by rescaling)

($i500) = Sitbjk,
<¢?j¢iz> = —0i10;k,
(Vijr) = —0udjp. (B.8)

We can also write them in a compact way
<q)uuq)pa> = 5u05up(_1)|y‘- (B.9)

In this notation the supertrace is given by Str® = “(—1)|“|<I>W.

Below we follow the arguments in [Pg to show that any correlation function in this
matrix model only depends on N — M. Since we can perform perturbative expansions of
interaction terms, we have only to examine correlation functions in the free theory (i.e.
¢n = 0 for n > 3). To make the fermionic nature of the indexes manifest, we rewrite
®,,, as a0y, Then o; are bosonic while o, are fermionic. Consider the operator product
Strd®3Str®? which can be expressed as

(—1)‘“‘aud,,a,,dpapdu . (—1)|§|a§dnandgaod§
= (@uop) (o) (@pap) - (Agag)(anon)(Goos). (B.10)
Then we take the Wick contractions using the propagator (B.g). We concentrate on a
particular contraction. Then by moving only pairs of (aa) we can always divide (B.10)

into several parts such that in each part the contraction is taken successively following the

array of ays

@) |- [(@on@on) |

(@MQN)(@ﬂ/aﬂ/) e . @yay)(dy’ay/)' e
_ (_1)#fermionic loops | [m@ .. @M} . [m&; C 071/’] ce (B_ll)
where #fermionic loops denotes the number of loops where the sum with respect to a =

N+1,---, N+ M is taken. The contraction is denoted by aa. Now evaluate the contraction
using the propagator (B.9). We do this as follows

—_———

aparapdy = ()N, ®,0) = 6,70, (B.12)

Indeed it is easy to see that we can simply replace each contraction a/u\dy with the §,,. In
this way the sum over each Feynman diagram looks like

(Strd™ Strd"? - -.)

= Z [Z(_l)ullélnm] ’ [Z(_l)lm(;ﬂmm] [Z(_1)|ML6MLML]

All diagrams L p1 2 ©r

e (B.13)

All diagrams
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where L is the number of loops in each Feynman diagram. Thus we have shown (B.9).
Note that the dependence on N and M only through N — M holds for individual Wick
contractions. This shows that the U(N|M) matrix model reduces to the U(N — M) matrix
model with the same action.

So far we have been considering a system with U(NN|M) gauge symmetry, or a system
where the fields transform in the adjoint representation of U(N|M). We can also consider a
situation with a U(N’|M’) flavor symmetry. This can be modeled by bi-fundamental fields
Qpums Qmy» where p1 and m are vector indices for U(N|M) and U(N'|M’), respectively. The
propagator is

<Qum@nu> = (_1)‘m‘6uu5mn-
By writing

Qum = ﬂuﬁma Qm,u = 'YmBua
the argument above goes through and shows that the results of perturbative computations
depend on N” and M’ only through N’—M’. Thus a system with N'| M’ quarks is equivalent
to a system with N/ — M’ quarks.

B.3 Perturbative proof of cancellation in the OSp(N|M) matrix Model

Next we consider the perturbative expansion of (B.]). The supermatrix takes the form
(A-1H). The propagators are given by (we set c; = 1/4)

<¢z]¢kl> 04105k — G051,
(D2p02a) = —OadObe — Nacbd,
<¢az1/1bg> —0ijNab;
(=" n)iatn;) = —Bandij- (B.14)
We can summarize (B.14) as
(P Ppo) = (_1)|V‘5u051/p - (‘UIMHV‘%V'}’W’ (B.15)

where 7, is defined in () It is easy to see that () is consistent with the projection
(A.12).

To show (B.J), let us first compare this with the previous U(N|M) case. The only
difference is the second term in the propagator (B.15). We can apply the argument in the
U(N|M) case to contractions involving only the first term. The total expression of the
correlation function can be obtained by replacing some of the contractions (—1) ‘5W§Vps
with the second one —(—1)IHly; 5.

Remember that the previous result in the SU(N|M) case holds for each Wick contrac-
tion, which looks like

[(_1)|M1‘5M1u25;t2u3 e 5MAM1].[(_1)IV1‘5V1V25V2V3 T 51/31/1]'[']' T (B'16)

Let us replace one of the propagators with the one in the second term. Without losing gen-
erality we can replace 8, 1,00, With —(—1)H2lHlmlluzly o Then (B:16) is changed
into

_(_1)W1|+‘V1‘ : (_1)W2|+W1‘W2|r7u21/1r7;111/25u1u261/11/2 = (_1)““‘6#1#1’ (B'17)
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where we have employed the identity ~,, = (—1)'“””‘%H and 72 = 1. Therefore we have
shown that this result depends only on N — M again, though the power of N — M is reduced
by one. More general cases can be handled by induction. This completes the proof of (B.3).

B.4 Anomaly cancellation

Here we show that the results (B.7) can be found by just replacing Tr in the results for
O(N — M) with the supertrace Str. When we compute Treg[F?™] by taking only the
first term in (B.) into account, then it is obvious that we obtain Str[1]Str[F?™] = (N —
M)Str[F?™]. In order to incorporate other terms we can replace 5)\Vtﬁp with them. For
example, let us start with the desired expression (i.e. written in terms of supertrace) in a
general from

(1) d5, My (— 1) Ny - -, (B.18)

for some matrices M and N. If we replace 5>\l,tf}p with the second term, then we find

(_1)\AIMM(_1)uNW(_1)(\er/\\)(\A|+\VI)+|/\\+IHI5Wth — _(_1)\u\NW (=) My
(B.19)
Therefore again we can find the desired form. For other two terms, we can proceed in
the same way remembering the identities used in (B.I17). In this way (B.7) is proved by
induction.

C. Some properties of affine super algebras

A Lie superalgebra has its affine extension just like an ordinary Lie algebra. The affine super
Kac-Moody algebras at level-k is defined by (f.6) with Str[t“¢7] replaced by kStr[t4¢P]. Tt
defines a conformal field theory®? via the Sugawara construction [B3] [BF].

In general the central charge of the corresponding Virasoro algebra (obtained from the
Sugawara construction) for the Lie supergroup G is given by

k - sdimG
= C.1
T Thk+h (C1)

where k is the level and sdimG =dimG g—dimGr is the super dimension of the supergroup
G. h is the dual Coxeter number.

In the affine SU(N|M) algebra case, we find

sdimG = (N? + M? —1) —2NM = (N = M 4+ 1)(N — M — 1), (C.2)

and

h=N-—M. (C.3)

33Notice that in these supergroup cases, sometimes it is possible to have conformal field theories even if
we do not turn on the WZW interaction terms. Such a model is called the principal chiral model and it is
indeed conformal when G = PSU(N|N) and G = OSp(M + 2|M) i.e. when h vanishes ] [@] Such a
model may also be relevant to N = 2 string theory as a holographic description.
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Therefore its central charge is given by

k(N = M +1)(N - M —1)
c= [ . (C.4)

This only depends on the difference N — M as expected. Notice that at £k = 1 it leads to
c= N — M — 1 as can be understood from the vertex operator construction.
In the OSp(N|M) case, we obtain

N(N—-1) MM +1)
2 + 2

sdimG =

1
—NM:§(N—M)(N—M—1), (C.5)
and
h=N-M—2. (C.6)
Therefore the central charge is given by

k(N — M)(N — M — 1)
‘T ok+N-M-2) (C.7)

N-M
5 -

For example, the affine CFT OSp(32 + 2n|2n) , the central charge remains the same as
SO(32). In particular it is ¢ = 16 at level one k = 1.

It again only depends on the difference N — M as expected. At kK = 1 we find ¢ =

D. Momenta in toroidal compactification of the OSp(32 + 2n|2n) or E(8 +
5,5) x E(8 + 3, %) heterotic string
Here we derive the formulas ([.25) for the momenta by generalizing the arguments in [BY].
We consider the compactification of the OSp(32+2n|2n) or E(8+ %, 5) x E(8+%,%)
heterotic string on 7% and turn on metric, B-field, and Wilson lines as in subsection
4.5. The world-sheet theory contains free bosons X#=1¢ with radius R, left-moving free
bosons Xk=n+116+2n xi=1,-n with radius v/2o/.3* There are also n pairs of n¢ fermions
of conformal weights 1 and 0. We can ignore these fermions here. The world-sheet theory
is described by the following world-sheet action:

1 2m 1
§ =1 / dr / do b(gwaaxuaaxy — P B,,0, X" 95 X"
0
+0uXF O XF = 9, X107 X") — AP0, X 05X 4 AP0, X0 X |

together with the constraints (8, — d,) X" = 0 and (0, — 9,) X' = 0. Here €™ = —¢7" = 1.
We take the radius for X* to be R. The radius for X* and X' is v/2¢/, i.e., the free fermion
radius. X' are the free bosons that bosonize the spin—% (-7 systems, and appear in the
kinetic terms with the wrong sign.

34In the notation of subsection 4.3, X* = ,/%’cpk_'ﬂ X! = %’gbl.

,33,



The constraints are second class. To canonically quantize the system, we need to use
the Dirac bracket to take the constraints into account. The canonical momenta are

1

U v k k l l
PM(U) = %(QMVX — BMV&,X + Aﬂao—X — Aﬂao—X )7
1 .
Pi(0) = 5—(X* = AL0, X"),
1 .
IHU):2WMC<Xk+A%%XW.

The Dirac brackets among them turn out to be

1

(Pu(0). Pur( Vi = o (ALY, — AL AL),5(0 = o),
{Pu(0), Pulo)}os = -y AL0,6(0 — o),
{Pulo), P Vi = — o AL — o),

(Pu(@), B (0")}ps = $2-0,6(0 — o),

{A(0). Pr(o")on =~ 0,6(0 o),

{Pi(0), Pi(o")}pB = 0.

The Dirac brackets involving X* are equal to the Poisson brackets. If we take the combi-
nation

P/(0) = Py(0) — A} Py(0) — AL Py(0),

Pl;, P, and P, commute among themselves and are the momenta that are truly canonically
conjugate to X*, X* and X' in the presence of the constraints. Let z#, ¥, and z! be the
zero-modes of X*, X* and X!. The momenta canonically conjugate the zero-modes are

quantized in units of the inverse radii. Let us write

n 2qy, 2q
Pdo=-L /Pd = Pdo = .
/ ut? R’ i 20 1o vV2a!

Then n, is an integer while ¢ and ¢; are half integers taking values in the appropriate

lattice defining the heterotic string. Let w* be the winding numbers for X#. Then one
finds

p
4X“@;a)::xﬂ4—ay“”[%§-+fngUW-—quﬁ-%AL-%%(AﬁAﬁ-.A}ﬂ) T
+ Rw"o + oscillators,
/
X*(r,0) = 2* + \/ %(Qk + AﬁRw“)(T + o) + oscillators,
/
Xl(r,0) = ot 44/ %(—ql + ALRw“)(T + o) + oscillators.

From this, one can read off the momentum lattice (}1.25).
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